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We consider a differential game [1-23] directly related to [4], where an ana-
logous problem was analyzed for points under the action of controls alone and
to [5], where the problem was investigated of the "soft” contact (with respect
to coordinates and velocities) of points in a linear central field, In the present
paper we solve the problem of the minimax time up to the "hard” contact
(with respect to coordinates) of two points (players) with masses . and s,
moving under the action of position forces #y == — ©?m;r; and Fy= — 0myr,
{ri, T2 are radius vectors of the points relative to the center of attraction) and
of controls f, ~~ myu and §, = — myr arbitrary in direction and bounded
with respect to the total momentum, The first player minimizes, while the
second maximizes, the time up to the hard contact, The whole space of pos-
sible positions is separated into two regions, In the first region we find the
optimal controls of hoth players and the minimax time up to the "hard"contact,
In the second region we form the second player's control which he uses avoid-
ing contact under any action of the first player.

1, The equations of relative motion (r = r; — ry, Y = 7} — ry ) ,after a scale
change in length and in time reducing to the equality « == 1. have the form

£=y, y=—rrutv, p=—luf, v —|o] (1.1)
=0, vz (1.2)
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where x, y, u, v are three-dimensional vectors, | 1 |, | v | are Euclidean moduli,
and p > U, v 2> 0 are numbers, The constraints p > (), v 2> U and the equations
Ww = —|u|, v = —|v| areequivalent to "impulse” constraints on the controls

u, v of the first and second players, These constraints have the form

p° —\[u|dt = p® (1) >0 (1.3)

VvV —\|v]|dt = v (1) >0

Qi Oy o}

and permit instantaneous changes in vector y and in the numbers p, v by the formulas

Yo =y v, mEY=p—|m|, VeV =v—|vw| (1.4

where p,, v, are three-dimensional vectors, In this case we will consider the impulse
controls u = p,0, U = vyd.

We call the vector w = [z, ¥, p, v], defined by the collection of arguments indi-
cated, the position and we introduce into consideration the vectors

wh = [z,y® =y + (W), pO=p—[m@)[; v =v]

w(?) = [‘x’ y(g) = y + VZ (w)7 u’(2) = l“" '\7(2) =V -— IVZ (w)l ]
w@D = [z, YD = y@ L p, (w®), pe) =p — [y (w®) [} v@D = v®]
wd) = [z, y 1D = YD 4 v, (w(l)), p2) = p@ v =y — |v2 (w(l)) | I

where w\V, w' denote the results of impulse actions of the first and second players,
which can be realized as functions of vector w. The vector f21) (w(l,z)) Tepresents
the result of the impulse actions at first of the second (first) and next of the first (second)
players, Let the vector @D (¢ > 0), (w? (¢ > 0)) be given as a function of time,
The initial value of w is called the position at ¢ = 0, while the left limit W@V (1 —
V), (w ? (1—0)) is called the position at ¢ = v > 0 , The pair u (w®, v),v (W)
and the trajectory w@b (¢ > 0; {u (w'?, v), v (w)}; w (V) corresponding to it are
said to be admissible if for all ¢ the trajectory is unique, right continuous, and satisfies
constraints (1, 2), and it Eq, (1,1) is satistied for almost all /. Furthermore, on each
finite interval 0 <C ¢ << f; the trajectory can admit of a finite number of jumps in
accord with formulas (1,4), The admissible pair 4 (w), v (w'W, u) and the trajectory
wtd (£ >0, {u (), v(wW, u)} w()) are defined analogously, We call the set
M [| z | = Q] the game termination set (the set of hard contact) and we examine
two problems on admissible pairs,

Problem 1, Find the pair u® (w®, v), V° (W) such that the time T' [u, v] of
the first hitting of the position onto /M would satisfy the estimates

T (0 @®, v), v(@)] < T [u° @®, v), v @)] < T & @, v), »° @))

Problem 2. Find the control v, (w®, u) such that the trajectory corresponding
to any pair u (w), vy (W'Y, u) would not hit upon set M in finite time,

Let ¥, Ys be the projections of vector ¥ onto vector x and onto a plane perpendi-
cular to z. We introduce the right unit triple of unit vectors j,, ja, j, by the formulas
jo==z/1zl, Je=1vys/lysl, wEDl2| >0, |ys|>V]
ja=a/lzl; Jp Jy adiwary 5 we Dyl|z]>0; ys| = 0]
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Denoting the projections of a vector onto the unit vectors by the subscripts @, [3, 7 we
obtain in regions D,, D, the corollaries of Eq, (1.1)

le.:yav ya.:_Ix|+ua+l’a+yﬁzl/|xl7 (15)

|ya|" = ug +vs — Yalyp /| 2|
12" = tay Yo' = — 2|+ Ua+Var |Yp|" =V (up + vp)® + Uy + 03}
and the corollaries of Eqs, (1,4)
YD = Yy + Yo + Voo
I y3(2'1)| = [(I yﬂl -+ Ryp + Vzﬁ)z + (“‘lY -+ V2Y)2]1/'

Intuitively it is clear that the solution depends only on the quantities | Z |, Yas | ¥z |,
E = p — V. For the collection of them we retain the notation w.

2, The motion by virtue ofsystem (1,1) with & = v = U admits of the first integ-
rals of energy and of moment of momentum

oh (w) = ya? + Y + 2% k() =|ys||z]
while the minimal value | ¥s|° of the quantity [ ys| for the uncontrolled motion has
the form 1 NS T
9s1° =V hw) =V B (@) — & (w)

The function z(w) =§ — |ys (w)[° divides the region D = D |J D, into the two
regions o ,

& D°l|z|>0, zw)>01, Dyllz|>0, z(w)<0]

Lemma 2,1, The pair u (w®, v), v (w) = 0 does not increase the function
z (w®), while the pair u(w) = 0, v (wW, u)_does not decrease the function z ().

Proof, It is obvious that the equality »w® = w is valid when v (w) = ¢ . Let us

consider some finite control u = u (w, v). The right derivative z" (v,.u, v = 0) has the
form

z(w, u, 0) = —[u] +A,v, +hguy for zw)sE0
Yy () L s ke
b=y Vice T Vi m

= h W), k =k (w)
It is not difficult to see that the estimate 2z <0 follows from the estimate xa'-'+>~,g’ -
1,0.We compute the quantity
22 (2h — a?) - (2h — 52) — 242
Ath — k)

A LR —l= 1

where z — z (w). The factor in the brackets increases monotonically with | x| and
reaches a maximum, equal to 4 (h — k), for |«| = k/ z («) which is equal to the max-
imal value of [z on the uncontrolled rajectory, Hence follow the estimates Lt
A2--1 00 and 2 <0 for z (w) +0.When z (w) == 0 the derivative z" has the form

2= —lu]| i x| l/uBZ + ou? iV 2h <o
In summary, we have established the estimate z' (w, u, v = 0) < 0 for any finite «.
For impulse u (w) = 1,8 the estimate Az!y =z (") — z () . 0 can be obtained

by applying the theorem on the mean, The proof of the estimates

2" (w, u=0, v) >0, AZ® iz (w(z)) —z (@) >0
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is obtained analogously and completes the proof of Lemma 2,1,
Theorem 2,1, If w(0) & D,, the control

vo(w®,u) =0, wW& Dy, = DoNN[p® —v=E">0]
vo (WD, u) = |u|jg, w® & Do,y = Do [EY = 0]
vo (W, u) = —EV8js, W& Doy = Do [EV < 0]
solves Problem 2,
Proof, Let us assume to the contrary that for some £ = T > ( the equality
| z (v) | = O is fulfilled on an admissible trajectory, This trajectory cannot lie, for
0 < t < 7, wholly in the region Dy, because the estimate § (£) > 0 and the esti-
mate z (w (¢)) << z (w (0)) < 0, peing a consequence of the conditions v, = O for
w & Dy,; , and Lemma 2,1 lead to a contradiction, This means that for some ?; from
the interval [0, Tl the inclusion w (¢,) & Dyy or the inclusion w® (t) & Dy
should be valid, In the first case it is necessary to satisfy the estimate | 5" (¢;) | >0,
while in the second, the estimate | y§? (21)] > 0. Further, the control v, (W, u)
leads the trajectory wil:? (£ >>t;) along region Doz while preserving the estimate
1% () 1202 (8) [> [ (1) | | 2% (1) | >0 , and hitting onto M is
impossible, The proof is completed,

8, Intheregion D°[|lz|>0; z(w) > 0] we define the controls
u (w®, v) =0, v°(w) =10
w®, we D = D°N{[L =& — y* <01y @.1)
UIE>0, ya—VE>01
u* (WD, v) = — VID8j, — |ys®| 6/
v°(w)  is antiparallel to  u®(w, v) (3.2)
w®, we D = D°NIL >0,y — V<O 8+ s > 0]
u® (W, v) = — | va|ja — Usfa — Uyly
v°(w) is arbitrary with the condition Uy > 0; [vex > 0] (3.3
weE D =D°N[Y.<0; E=|ys|=0]
The controls v° (w) in formulas (3.2),(3.3) are defined with a sufficient degree of
arbitrariness, The second formula in (3.2) permits any finite or impulse control v° (w),
antiparallel to vector u° (w, v), which does not depend on v in the case given, The
second formula in (3, 3) permits any finite or impulse control v° (w) with a nonnegative
projection v, [v,,]. The first formula in (3, 3) in fact coincides with the first formula
in (3,2) for a second player's impulse control realizing the inclusion w® & D,’.

Theorem 3,1, The pair of controls u° (w®, v), v° (w) corresponds to Prob-
lem 1 and realizes in region D,° the time

T{uwe, v°] =T° W) = t; (w) +n,2; wes DYF°
where Z; (w) is the smallest positive root of the equation

N (w, t) = (2% — E¥)sin?¢ — 2|z |yasintcost -1 (s + ys* — &%) cos?t =0
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while in the region D,°{J Dy’ the time

T [w°, v°] = T° (w) = 7/ 2 + avcig (p, (@) /| z])
P(@) =Y.~ VE —y@

The time T [u°, v°] corresponds to the estimate T [u°, v°] < T [u®, v} for any
pair u® (w®, v), v(w) and to the estimate I lu, v°} > T [4°, v°] for any pair
u (w®, v), v° (w), retaining the trajectory in region D° (*).

The proof of Theorem 3,1 requires the successive proofs of a number of the following
Assertions ,

8,1.1 (**), If for we D1° both players use finite controls u, v, then the estimates

T, u” =0, v£OKT" , W =0 ° =0 = -1 LT (w, uz0, °=0) (3.4)

are valid,
Proof, Setting, for the sake of brevity,

sin (b (@) =8, cos(ti(w)=¢, 2/@Nw, t="1)it)="1

for the derivative 7° we obtain the extression
T = — =9 (o] o)) —(—w, @t lzles) (g +v) Hlygl P lug -+ vl (3.5

Since ¢, (w) is the smallest positive root of the equation 7 (w, t) = 0 and since the con-
dition 7 (w, 0) > ¢ is fulfilled, the estimate n (w, t = )/t < 0 is necessarily fulfilled,
Let us assume that the latter qunatity is negative, The factor in the brackets in formula
(3. 5) is nonpositive for |u| == 0, v] = 0 and is nonnegative for fu| = 0, |v| 5= 0. To
prove the last assertion it is sufficient to consider the expression

B2 (— 9,00 | 2] 08)? — Yt = £ >0 3.6}

The second partof relation (3, 6) is obtained from the first after taking into account the
equality 14 (w, f;) = U. Thus, the estimate (3, 6) proves estimates (3,4) for an (w, £ =
4/ 8t < 0.

The case dn (w, ¢ = t,)/3¢t = 0 requires additional analysis which briefly consists of
the following, We can show that in this case the equality z (w) = C is fulfilled, The
condition w < D7° implies as a consequence the estimate z (w. us=U, v=U) <V,
because of which the motion passes into region D, when u = 0. Any pair u*= 0,v 0
leads to a growth of the function z (w), so that for any small finite segment of the tra-
jectory corresponding to the pair u° = U, v (w) &£ 0 we can establish the estimate

AT < At because for any 0 < t < At the derivative 7% (w, 0, v} exists and satisfies
the refation 7° (w, U, v}~ ~— o0 as t~»- 0. The proof of assertion 3,1,1 is completed,

*) Since the control +°(w) is defined only in D°, the pair u (w, v}, v" (w), retammg the
trajectory in D° is called the pair on which the inclusion w®/ D (2, {u (w, v), v° (@)},

w (0)ED°)e& D", is valid up to the instant of hitting onto M , while the velocity of the
representative point on the boundary z; (w) = 0 is directed either toward the interior

of region D or along the boundary, In this sense Theorem 3,1 makes no claim of a
complete correspondence with Problem 1,

*+y Assertions 3,1,1,.... 3,1,4 are concerned with finite pairs %, v°.



966 G.K,Pozharitskii

3.1,2, The estimate
T (w, 1, 0% > — 1 (3.7)
is valid for the region D:° with the exception of the boundaries

Dep® =15 =0; y, SOIN D% Dap® =150, y, — Vi=0] Dn°

To prove Assertion 3,1,2 we note that the estimate { >0 and the estimate py (w) <
0 are valid in the indicated part of region 1), , and we write down the derivative 77

T = =1 = (p = e = pig2 ) VI M (w, u, 0%)) (3.8)
M5 %) =2 g < E Ly ey 1 VD) (3.9)

The obvious estimate #; (w, u, ¥) > 0, the estimate p, (w) < 0, and the formula (3, 8)
prove estimate (3,7) and Assertion 3,1, 2,

3.1, 3, On the boundary D;,1 any pair u == v° (w, v), v° (w) either transfers the
trajectory into region Di° with a positive jump A7° >>0 or transfers the trajectory into
region Dy.

Proof, Let {=0, y, <0. Under these conditions

Byl =0, &yl = — | 0] — Gty 0, + Vg Ly |/ 2] <O
for ya<03 ]?}31>U

This means that there exists a unique control (v, ») = — |y, | 6/, preserving the equa-
lity £(t >0)—| Yy (t>0)| =0, while any other one transfers the 'position, for y, <0,
into region D,° or into region Dy. The remaining cases y, = 0 or y, == 0 are investi-
gated analogously,

3.1,4. The equality p; (w) = 0 is fulfilled on the boundary D;’2 and, therefore,
on the basis of formulas (3, 8), (3. 9) we can assert that the equality 7° (w, u, v°) = — 1
is valid for any control u parallel to the optimal jump u° (w, v) and for v = »°. However,
it is obvious that for u == u° (w, v) the equality T° (w, u, v°) = —1 is violated at an
infinitely close adjacent position and turns into the inequality

T (w+ Aw, u, v°) > —1

3.1,5, Suppose that for w & D»° the second player realizes a certain optimal
jump +* () antiparallel to the vector u° (w,v), while the first player realizes the jump
mue (@', vy with 0 < m < 1. Simple calculations show the validity of the equalities

L) = pr @) = pr @)

g/ VE = g2 VEC?S = E(‘Z.l) / ]_/”;(2,1)

If after the indicated jumps both players realize the controls ui, 1%, parallel to the opti-
mal jumps, then formula (3, 8) shows that the derivative T “(w'*Y, u, v) proves to be
closer to ~1 the lesser is the quantity '), This allows us to obtain the equality
lim 7% @D (w, mu®, 2°), us, 1% == — 1 (3.10)
m—3
3,1,6. Suppose that at ¢ = ¢ both protagonists have realized optimal jumps (then
w2 & Dyg°, and finite controls are realized for ¢ >> 0 ), The derivative 7 has the
form .. . \ VTR
© T = — e = pyyt foe, 4o, | (Jut—1lejr— {”_’5+ z‘{,‘)— e US of 'Y})l }

From the latter formula we see that any pair «°, ¢ 5= ¢° decreases the derivative 7°
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from — 1, while any pair u 5 «°, v° either increases the derivative 7° from —1 or
transfers the position into region L/,

Assertions 3,1,1 — 3,1,6 settle the proof of Theorem 3,1 for those cases when the
players realize jumps parallel to the optimal ones or use finite controls,

3,1, 7, Any impulse control » = v,0 = v° (w) strictly decreases the function 7° (w),
e, T° %) <T°(w).

To prove Assertion 3,1, 7 we should inspect a number of cases,

3.1.7.1. Let we D, w'® & Di°. We consider the function

n(w(2)’ tl(w))z —|v-z|'2s2——2[g|vz|+|x|v2acs—(yavz'a+|y6|v2.ﬂ)cz]<O

The latter estimate follows from the estimates |wv;|>>0; s? = sin? (; (w)) >0 and from
estimate (3, 6), From the estimates 1 (@'?, t; (w)) < 0; n(@®, 0)>0 there follows the
estimate AT” = t; (w®) — ¢t; (w) < 0 which completes the proof of Assertion 3,1,7 in the
case 3,1,7.1.

3.1,7.2. let weDe|J D, w® < Dy° Y Ds°. We consider the difference

AP =p1(@®) —pr @) = vy o — VE+2  +2E vl —|valv, @ + VE
The difference Ap: can become a nonnegative number only if the estimates
VZ‘+'V2,a>O' —E|V'2|+"2,a Vi+v2,p|ygl>0

are fulfilled simultaneously, Both these estimates are compatible only for v = v° (w).
The estimate Ap; < 0 and the estimate AT° < 0 are realized for y = v,6 5= v° (W) ;
this completes the examination of case 3,1, 7,2,
3.1.7,3, Llet we Dy, w'® e D Ds°. The impulse v = v,8 can lead to a
crossing of the boundary D;_1[§ = 0; y, < 0]. With this crossing the function 7° (w)
undergoes a negative jump, Under a crossing of the boundary D;'2 [£>0,y,—VE=0]
the function 7° (w) is continuous, These two facts, together with the results in 3,1,7,1,
3,1.17,2,allows us to prove Assertion 3,1, 7 in the case 3,1,7,3,
3.1, 8, There is no impulse control v = v,§ which can effect the following cross-
ings [we D |J Ds°; w® e Do),
[we D% w® e Dy)
The proof is carried out on the basis of the estimate Ap; << 0 and of Lemma 2,1,
3,1,9, Any impulse control u = w0 = mu’ (w, v) (0 < m < 1) either strictly
increases the function 7°(w) or transfers the position into region D,; (7° (w'!) > T° (w)).
The proof is carried out in analogy with the proof of Assertion 3,1, 7, by examining
in succession the cases
3191 we Dy, w) e Dy
3192 we DU D% wW e | Dy
3193 we DL U D, w = Dy

3,1.10, There is no impulse control u = ;8 which can effect the crossing
[w & D)% vV = D J D1

The proof is based on the estimate y (w*, 0) > 0. The agregate of Assertions 3,1,1-
3.1,10 proves Theorem 3,1,
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4, Let us give a short geometrical interpretation of the optimal motion, Let the
representative point whose position is determined by the vector x describe, in a control-
free motion, an ellipse {(Fig, 1). The arcs
ac and ayc; of the ellipse belong to region
D:°. On these arcs the first player either
(on the segment «6) cannot cancel the
lateral component| ¥a! > & or (on the seg-
ment he) passes to the value 5 (w) >0
(p; (w) >> 0). This is valid, of course, for
controls u preserving the inclusion V) &
D°. The arguments set forth force both
players to follow along the arc (ac) with
controls ° = v” = ( up to the point ¢ at

which the equality § = |y} is first rea=
lized, At the point ¢ the firstplayer ap~
lies the impulse u° (w'¥, v) = — y8 and the

Fig, 1

subsequent motion takes place along the
straight line ¢ 0, The equality & = [y (#;) | is equivalent to the equation v (w, #) = 0
for w & Dy°, and the total time for hitting into the point O (/2| = 0) turns out to be

Hh W+ n/2= T (w).

However, if the position w & D»°, which corresponds to locations on the arcs [c, @),
{¢;, a]. then at any point d of the arc [, a,] the optimal control «’ (w'*®, v) is realized
in the form of an impulse (n, m), while the radial velocity y® (2*%) obtained proves
to be nonpositive, The subsequent motion takes place along the straight line (4, 0) and
the hitting into the origin 0 is realized after a time 7 (w) = %/ 2 -+ arc tg (p, (w) / | z |).
If at any point a the first player does not cancel the velocity ¥, with the impulse »° =
— i, but applies some finite control u (w), then the position passes into region Dy°
and the time T(w) increases by a jump,

BIBLIOGRAPHY

1, Isaacs,R,P,, Differential Games, New York, John Wiley and Sons, Inc,, 1965,

2, Pontriagin, L,S,, On the theory of differential games, Uspekhi Mat, Nauk,
Vol, 21, N4, 196,

3, Krasovskii, N, N,, Game Problems on the Contact of Motions, Moscow,
“"Nauka", 1970,

4, Krasovskii, N, N, and Tret'iakov, V,E,, On the pursuit problem in the
case of constraints on the impulses in the controls, Differentsial'nye Uravne-
niia, Vol 2, N5, 1966,

5., Pozharitskii, G.K., Game problem of the "soft” impulse contact of two
material points, PMM Vol, 36, N2, 1972,

Translated by N.H.C,



